Using simple wave functions based on the asymptotic behavior and on the binding energies of the valence electron, we have evaluated multipolar matrix elements. They allow us to obtain polarizabilities up to ␣ 12 of Li, Na, K, Rb, Cs, Be ϩ , Mg ϩ , Ca ϩ , Sr ϩ , Ba ϩ , and dispersion coefficients of homonuclear and heteronuclear interactions from c 6 to c 24 . Comparisons with previously determined low order quantities show that this approach is capable of yielding quite useful values for these quantities.
I. INTRODUCTION
Polarizabilities and dispersion coefficients are important in the description of interactions between atoms and ions 1 and with external radiation sources. 2 A variety of physical processes, ranging from atomic beam experiments 3 to laser trapping technologies 4 depend on the knowledge of these quantities. The dispersion coefficients can be expressed as integrals over imaginary frequencies of products of the dynamical polarizabilities of the interacting atoms. [5] [6] [7] [8] These integrals can be readily transformed into the identical expressions obtained in the ordinary perturbation theory. Thus the original multicenter problem of calculating dispersion coefficients is reduced to the one center problem of calculating the frequency-dependent polarizbilities.
For hydrogen, one has 9 an analytic expression for multipolar polarizabilities and essentially exact values 10 for dispersion coefficients. The alkali-metal atoms and their isoelectronic sequences are in some ways similar to the hydrogen atom, and their properties can be described fairly accurately in terms of a single electron moving in a Coulomb potential modified at short distances. Many theoretical models have been used to obtain dipole ␣ 1 , quadrupole ␣ 2 , octupole ␣ 3 polarizabilities, and the first three dispersion coefficients c 6 , c 8 , c 10 for alkali atoms. However, with few exceptions 32 one does not have reliable values for higher order multipolar polarizabilities or dispersion coefficients.
We consider a direct approach to multipolar polarizabilities and dispersion coefficients of alkali atoms and their isoelectronic sequences. The major contribution to these is from the outer electron. The ground state wave function of this electron is well represented by the two leading terms in the asymptotic expansion of the wave function, which depend on only the ionization energy of the atom or ion. The excited state wave functions are taken to be Coulombic wave functions with an additional 1/r 2 potential included to give the correct experimental energies of the low-lying states. The asymptotically correct wave functions were first proposed by Hartree 46 and used for calculating the oscillator strengths by Bates and Damgaard. 47 They have been employed in a vari-ety of ways to compute the polarizabilities. [13] [14] [15] [16] [17] [48] [49] [50] In the present work we use simple analytic wave functions which enable us to calculate all matrix elements and obtain polarizabilities and two-and three-body dispersion coefficients essentially of any order. It may be noted that the polarizabilities may be calculated by solving appropriate inhomogeneous differential equations. 16, 45 We prefer the approach of calculating the multipolar matrix elements where we can investigate the domain of major contribution. We find that the matrix elements are dominantly large for some finite-energy intermediate states. Taking this into account, we are able to obtain not only multipolar polarizabilities but two-and threebody dispersion coefficients as well, with an equal level of simplicity. Despite its approximate nature, comparisons with previous determinations of low order quantities show that the present approach is capable of giving very useful values. These coefficients should be particularly useful in the description of atomic interactions where it has been suggested 51 that quite high-order dispersion coefficients may be important. Atomic units are used throughout the paper.
II. MATRIX ELEMENTS
Here we describe the ground-state and excited-state wave functions for the valence electron of alkali atoms and their isoelectronic sequences. These wave functions are then used for calculating various multipole matrix elements.
A. Ground-state wave function
The asymptotic behavior of the wave function for alkali atom isoelectronic sequences is given by 52 
where 0 (NϪ1) (r 2 ,•••r N ) is the ground-state wave function of the (NϪ1) electron system, Z is the nuclear charge, N is the total number of electrons, and ϪE 0 is the separation energy of the last electron. Based on this behavior, we use a wave function
to describe the ground state of the valence electron, with the normalization constant A given by
This wave function is very close to the wave function suggested by Bates and Damgaard 47 but is much simpler and easier to handle.
B. Wave functions for excited states
For obtaining the wave functions of excited states with angular momentum quantum number l , we assume that the electron moves in an effective potential
where Z e ϭZϪNϩ1.
͑2.8͒
Then the negative energy wave function is given 59 in terms of confluent hypergeometric functions, by
with energy
The constant u is determined so as to give the observed separation energy E(0,l ) of the first excited state with a given l , for n r ϭ0
The positive energy wavefunctions are given by 59
These wave functions are normalized as ͵ k,l * ͑ r͒ k Ј ,l ͑ r͒r 2 dr d⍀ϭ␦͑kϪkЈ͒.
͑2.17͒
C. Matrix elements
With the wave functions in Eqs. ͑2.5͒, ͑2.9͒, and ͑2.14͒, we obtain the multipolar matrix elements
͑2.18͒
For the bound states we obtain 59 ͗ n r ,l ͉r l P l ͑ cos ͉͒ 0 ͘ϭͩ
͑2.19͒
where all the relevant parameters are defined Secs. II A and B. For the positive energy states one gets 59 ͗ k,l ͉r l P l ͑ cos ͉͒ 0 ͘ϭͩ
͑2.20͒
To simplify the evaluation of the hypergeometric functions in Eqs. ͑2.19͒ and ͑2.20͒, we note the identity 60 F͑aЈ,bЈ,cЈ,z ͒ϭ͑ 1Ϫz ͒ ϪaЈ F ͩ aЈ,cЈϪbЈ,cЈ, z zϪ1 ͪ .
͑2.21͒
For the hypergeometric functions of Eqs. ͑2.19͒ and ͑2.20͒, we have cЈϪbЈϭuϪl ϪaϪ1, uϪl Ϫa.
͑2.22͒
For the cases under consideration, this quantity is in the range (Ϫ2,0). Therefore, for the hypergeometric function on the right-hand side of Eq. ͑2.21͒, we use the first three terms in the expansion
͑2.23͒
This expression gives the exact hypergeometric function for cЈϪbЈϭ0,Ϫ1,Ϫ2 and is found to be a very good interpolation for cЈϪbЈ in the range (Ϫ2,0). This approximation greatly simplifies the evaluation of our matrix elements. We will use the identity in Eq. ͑2.21͒ with the approximation in Eq. ͑2.23͒, to evaluate the hypergeometric functions in Eqs. ͑2.19͒ and ͑2.20͒.
It is interesting to observe that for large l , l у4, the matrix elements in Eq. ͑2.20͒ are dominantly large for positive energy states centered around an energy which tends to ϪE 0 as l increases. Therefore, an inclusion of reliable estimations of the matrix elements from this region ensures an accurate prediction of polarizabilities and dispersion coefficients, particularly for larger values of l .
III. RESULTS
Using the expressions for the matrix elements in Eqs. ͑2.19͒ and ͑2.20͒, we evaluate numerically the multipolar polarizabilities and the dispersion constants for alkali atoms.
A. Input data
For the determination of the parameters of the groundstate wave function, we need the separation energy ϪE 0 . For the determination of u in Eq. ͑2.9͒, we use Eq. ͑2.13͒ and the 9 3.838ϫ10 10 8.888ϫ10 10 2.694ϫ10 11 ␣ 8 1.599ϫ10 10 1.828ϫ10 11 3.682ϫ10 12 9.276ϫ10 12 3.127ϫ10 13 ␣ 9 1.151ϫ10 12 1.646ϫ10 13 4.381ϫ10 14 1.203ϫ10 15 4.532ϫ10 15 ␣ 10 1.008ϫ10 14 1.800ϫ10 15 6.319ϫ10 16 1.891ϫ10 17 7.990ϫ10 17 ␣ 11 1.056ϫ10 16 2.349ϫ10 17 1.085ϫ10 19 3.541ϫ10 19 1.679ϫ10 20 ␣ 12 1.303ϫ10 18 3.603ϫ10 19 2.186ϫ10 21 7.774ϫ10 21 4.137ϫ10 22 experimental values of the separation energies for the l ϭ1,2 states. For l у3, we take uϭl . The input energies 61 are given in Table I .
B. Multipolar polarizabilities
The Multipolar polarizabilities are given by
The matrix elements are given in Eqs. ͑2.19͒ and ͑2.20͒. The multipolar polarizabilities obtained by carrying out the summation and integration are given in Tables II and III .
C. Two-body dispersion coefficients
The two-body dispersion-coefficients are given by
͑3.4͒
The matrix elements are given in Eqs. ͑2.19͒ and ͑2.20͒. The dispersions coefficients obtained by integrating over the dynamical polarizabilities are given in Tables IV-VII.
D. Three-body dispersion coefficients
The three-body dispersion energy for like-atoms is given by 8
where
and W ABC (l 1 ,l 2 ,l 3 ) are the geometric factors with an R dependence
͑3.7͒ 8 3.238ϫ10 3 3.856ϫ10 3 7.396ϫ10 3 8.658ϫ10 3 1.171ϫ10 4 c 10 2.238ϫ10 5 2.849ϫ10 5 6.764ϫ10 5 8.256ϫ10 5 1.194ϫ10 6 c 12 2.15ϫ10 7 2.91ϫ10 7 8.61ϫ10 7 1.10ϫ10 8 1.74ϫ10 8 c 14 2.74ϫ10 9 3.95ϫ10 9 1.45ϫ10 10 1.95ϫ10 10 3.37ϫ10 10 c 16 4.51ϫ10 11 6.89ϫ10 11 3.12ϫ10 12 4.41ϫ10 12 8.30ϫ10 12 c 18 9.29ϫ10 13 1.50ϫ10 14 8 .36ϫ10 14 1.24ϫ10 15 2.54ϫ10 15 c 20 2.35ϫ10 16 4.02ϫ10 16 2.73ϫ10 17 4.23ϫ10 17 9.46ϫ10 17 c 22 7.15ϫ10 18 1.29ϫ10 19 1.07ϫ10 20 1.74ϫ10 20 4.22ϫ10 20 c 24 2.59ϫ10 21 4.94ϫ10 21 4.97ϫ10 22 8.42ϫ10 22 2.22ϫ10 23 TABLE V. Two-body dispersion coefficients for like-atom systems, Li-Li, Na-Na, K-K, Rb-Rb, Cs-Cs.
Li-Li
Na-Na K-K Rb-Rb Cs-Cs c 6 1.388ϫ10 3 1.500ϫ10 3 3.796ϫ10 3 4.531ϫ10 3 6.652ϫ10 3 c 8 8.183ϫ10 4 1.090ϫ10 5 3.892ϫ10 5 5.258ϫ10 5 9.546ϫ10 5 c 10 7.289ϫ10 6 1.068ϫ10 7 4.789ϫ10 7 6.833ϫ10 7 1.358ϫ10 8 c 12 9.03ϫ10 8 1.43ϫ10 9 7.99ϫ10 9 1.19ϫ10 10 2.53ϫ10 10 c 14 1.48ϫ10 11 2.51ϫ10 11 1.75ϫ10 12 2.75ϫ10 12 6.33ϫ10 12 c 16 3.09ϫ10 13 5.61ϫ10 13 4.88ϫ10 14 8.02ϫ10 14 2.01ϫ10 15 c 18 7.98ϫ10 15 1.55ϫ10 16 1.67ϫ10 17 2.89ϫ10 17 7.90ϫ10 17 c 20 2.50ϫ10 18 5.17ϫ10 18 6.93ϫ10 19 1.25ϫ10 20 3.74ϫ10 20 c 22 9.36ϫ10 20 2.06ϫ10 21 3.41ϫ10 22 6.47ϫ10 22 2.10ϫ10 23 c 24 4.11ϫ10 23 9.58ϫ10 23 1.96ϫ10 25 3.90ϫ10 25 1.38ϫ10 26 TABLE VI. Two-body dispersion coefficients for Li-Na, Li-K, Li-Rb, Li-Cs, Na-K systems.
Li-Na
Li-K Li-Rb Li-Cs Na-K c 6 1.440ϫ10 3 2.290ϫ10 3 2.500ϫ10 3 3.015ϫ10 3 2.367ϫ10 3 c 8 9.485ϫ10 4 1.852ϫ10 5 2.190ϫ10 5 3.049ϫ10 5 2.082ϫ10 5 c 10 8.859ϫ10 6 1.949ϫ10 7 2.356ϫ10 7 3.379ϫ10 7 2.303ϫ10 7 c 12 1.14ϫ10 9 2.86ϫ10 9 3.57ϫ10 9 5.41ϫ10 9 3.49ϫ10 9 c 14 1.94ϫ10 11 5.54ϫ10 11 7.15ϫ10 11 1.15ϫ10 12 6.96ϫ10 11 c 16 4.19ϫ10 13 1.37ϫ10 14 1.82ϫ10 14 3.13ϫ10 14 1.76ϫ10 14 c 18 1.12ϫ10 16 4.18ϫ10 16 5.75ϫ10 16 1.05ϫ10 17 5.50ϫ10 16 c 20 3.63ϫ10 18 1.54ϫ10 19 2.20ϫ10 19 4.29ϫ10 19 2.08ϫ10 19 c 22 1.40ϫ10 21 6.79ϫ10 21 1.00ϫ10 22 2.08ϫ10 22 9.34ϫ10 21 c 24 6.34ϫ10 23 3.50ϫ10 24 5.34ϫ10 24 1.18ϫ10 25 4.92ϫ10 24 TABLE VII. Two-body dispersion coefficients for Na-Rb, Na-Cs, K-Rb, K-Cs, Rb-Cs systems.
Na-Rb
Na-Cs K-Rb K-Cs Rb-Cs c 6 2.582ϫ10 3 3.106ϫ10 3 4.149ϫ10 3 5.016ϫ10 3 5.483ϫ10 3 c 8 2.444ϫ10 5 3.355ϫ10 5 4.531ϫ10 5 6.162ϫ10 5 7.111ϫ10 5 c 10 2.773ϫ10 7 3.948ϫ10 7 5.724ϫ10 7 8.077ϫ10 7 9.629ϫ10 7 c 12 4.33ϫ10 9 6.50ϫ10 9 9.78ϫ10 9 1.44ϫ10 10 1.74ϫ10 10 c 14 8.90ϫ10 11 1.42ϫ10 12 2.20ϫ10 12 3.39ϫ10 12 4.20ϫ10 12 c 16 2.32ϫ10 14 3.93ϫ10 14 6 .27ϫ10 14 1.01ϫ10 15 1.28ϫ10 15 c 18 7.50ϫ10 16 1.35ϫ10 17 2.21ϫ10 17 3.74ϫ10 17 4 .83ϫ10 17 c 20 2.93ϫ10 19 5.59ϫ10 19 9 .37ϫ10 19 1.67ϫ10 20 2.20ϫ10 20 c 22 1.36ϫ10 22 2.76ϫ10 22 4.72ϫ10 22 8.83ϫ10 22 1.19ϫ10 23 c 24 7.37ϫ10 24 1.59ϫ10 25 2.78ϫ10 25 5.47ϫ10 25 7.49ϫ10 25 with D depending on l i and the angles of the triangle formed by the atoms. The coefficients Z(l 1 ,l 2 ,l 3 ) are evaluated by using Eq. ͑3.4͒ and the matrix elements in Eqs. ͑2.19͒ and ͑2.20͒. The calculated values of Z(l 1 ,l 2 ,l 3 ) for the alkali atoms are given in Table VIII .
IV. DISCUSSION
In summary it is the simplicity of the ground state wave function in Eq. ͑2.5͒, and the excited-state wave functions in Eqs. ͑2.9͒ and ͑2.14͒ that allows us to determine all the multipolar matrix elements. They are determined in terms of experimental energies of the states. 61 Before we proceed with the comparison of our results with some results in the existing literature, we make some remarks about the accuracy of our results. Our approach rests primarily on the correct representation of the asymptotic wave function. Here we note that the coefficient A determined in Eq. ͑2.6͒ is close to the corresponding coefficient in the asymptotic behavior of the Bates-Damgaard wave function, 47 within 1%-2%. Furthermore, we find that the multipole matrix elements for l у4 have a sharp peak at intermediate states with positive energy centered around an energy which tends to ϪE 0 as l increases. Use of the clo-sure property indicates that an approach with the correct asymptotic behavior for the ground state will give useful results for higher order polarizabilities and dispersion coefficients, to within about 5%-10%. For lower order polarizabilities and dispersion coefficients, comparison with various other calculations suggests a similar level of accuracy.
With a few exceptions, 32 our values for the polarizabilities higher than ␣ 3 and the dispersion coefficients higher than c 10 are the only ones to appear in literature. For lower order ones, there are many previous determinations. To have an indication of the accuracy of the present method, we compare our values for the low order ones with some previous results.
Only the dipole polarizabilities can be compared directly with experimental measurements. 62 They are listed in Table  IX , along with the quadrupole and octupole polarizabilities. It is seen that our present results for the dipole polarizabilities are in good agreement with the experimental values for all alkali atoms. Among previous determinations, the results of Tang, Norbeck, and Certain 17 obtained with a similar method are almost identical with the present ones. In the most recent model potential method by Marinescu, Sadegh-TABLE VIII. Three-body dispersion coefficients Z(l 1 ,l 2 ,l 3 ) defined in Eq. ͑3.5͒, for like-alkali atoms.
(l 1 ,l 2 ,l 3 )
Li-Li-Li Na-Na-Na K-K-K Rb-Rb-Rb Cs-Cs-Cs pour, and Dalgarno 45 quoted in Table IX , a core polarization potential was introduced so as to have an asymptotically correct potential for the valence electron. These authors also include a change in the multipole operator, due to core perturbation. They found the core polarization effect to be quite small for quadrupole and octupole polarizabilities. We have not included the long range polarization correction, or the modification of transition operator. It may be added that core polarizability and Coulomb-penetration corrections are partly incorporated by the effective potential in Eq. ͑2,7͒. In any case, these corrections are expected to be small for higher order multipolar matrix elements. 45 The results of Maeder and Kutzelnigg 43 were obtained from a pseudopotential calculation, and their values for Rb and Cs are a few percent above the experimental upper limit. The valence configuration interaction calculations of Spelsberg, Lorenz, and Meyer 32 are limited to Li, Na, K atoms, their value for K is slightly below the experimental lower limit. These sets of results are of particular interest, since dispersion coefficients based on these polarizabilities were also reported. For the quadrupole and octupole polarizabilities, there is a general agreement between our values and those of Marinescu et al. 45 and Spelsberg et al., 32 though the octupole polarizability for Cs given by Marinescu et al. 45 is larger than our value by about 20%. We expect our predictions for the multipolar polarizabilities of the isoelctronic ions to be equally reliable. There do not appear to be many calculations of the multipolar polarizabilities of Be ϩ , Mg ϩ ,Ca ϩ ,Sr ϩ , and Ba ϩ . We have listed our values for ␣ 1 , ␣ 2 ,␣ 3 in Table X , along with the values of ␣ 1 ,␣ 2 obtained by Adelman and Szabo 15 based on Coulomb approximation, and ␣ 1 obtained by Sadlej and Urban 63 based on polarized, correlated basis. There is good agreement between our values and those of Adelman and Szabo. 15 However, the dipolar polarizabilities of Sadlej and Urban, 63 for Mg ϩ ,Ca ϩ ,Sr ϩ are higher than our values.
Among the dispersion coefficients, the leading coefficient C 6 is understandably the most extensively studied. In Table XI , the C 6 values for homonuclear alkali-metal dimers are presented. Among them the coefficient of two Li atoms can be regarded as well established. For this case, the present value of 1388 a.u. is identical to the most recent result of Marinescu, Sadeghpour, and Dalgarno. 45 As seen in Table  XI , they are in essential agreement with many previous accurate determinations. For Na-Na and K-K interactions, the other most accurate determination is probably the recent va- lence CI calculations of Spelsberg, Lorenz, and Meyer. 32 Their values are respectively 5% above and below those of Marinescu et al.. 45 Our present value for Na-Na interaction is equal to the average of the two, and our value for K-K interaction also lies between them and is within 0.5% of that of Marinescu et al.. 45 For Rb-Rb and Cs-Cs interactions, useful comparisons can also be made with the pseudopotential calculations of Maeder and Kutzelnigg. 43 Their values differ from those of Marinescu et al. 45 45 and the pseudopotential calculations of Maeder and Kutzelnigg. 43 Only in the case of C 8 of Na-Na interaction our value is about 1% below that of Maeder and Kutzelnigg, 43 and in the case of C 10 of Rb-Rb interaction our value is almost identical to that of Maeder and Kutzelnigg. 43 Among the rest of the coefficients, our present C 8 of Li-Li, C 10 of Na-Na and K-K interactions are very close to the average of these two calculations. Our C 8 of K-K and Rb-Rb interactions and our C 10 of Cs-Cs interaction are very near to the results of Maeder and Kutzelnigg. 43 On the other hand, our C 8 of Cs-Cs and C 10 of Li-Li interactions are only about 1% smaller than the results of Marinescu et al. 45 We also note that our C 8 value of Li-Li interaction is within the bounds established by the CI calculations of Kouba and Meath, 27 and our C 10 value of Li-Li interaction is only 0.2% different from the valence CI results of Spelsberg et al. 32 Table XIV is a compilation of values of C 6 , C 8 and C 10 for the heteronuclear interactions. For C 6 , our values are in good agreement with those of Marinescu et al. 45 However for C 8 and C 10 , there are substantial differences. For example, for C 10 of Li-Cs interaction, our value of 3.379ϫ10 7 a.u. differs from the value 5.303ϫ10 7 a.u. of Marinescu et al. 45 by about 40%. For mixed interactions in-volving Li, Na, K, we note that our results are close to the ab initio results of Spelsberg et al. 32 For example, our C 8 for Na-K is 2.082ϫ10 5 to be compared with the value of 2.174ϫ10 5 given by Spelsberg et al. 32 and the value of 2.614ϫ10 5 given by Marinescu et al. 45 The sets of dispersion coefficients established by the Pade bounds 17, 18 are often used in the literature. Although these bounds are not rigorous in that they depend on the input data, they are nevertheless useful in correlating different coefficients. The present dispersion coefficients for both homonuclear and heteronuclear interactions are all in general agreement with these Pade bounds. 17, 18 For example, our C 10 for Na-Cs is 3.948ϫ10 7 , whereas the upper and lower bounds given by Tang et al. 17 are 5.03ϫ10 7 and 3.85ϫ10 7 , respectively, and the value given by Marinescu et al. 45 is 5.84ϫ10 7 .
Our predictions for the three-body dispersion coefficients given in Table VIII , are within the bounds given by Standard and Certain, 18 and generally agree with the predictions of Tang et al. 17 The coefficients for higher values of l i are available on request.
Overall, the multipolar polarizabilities and dispersion coefficients we have obtained will be useful in the analysis of interactions involving these atoms and ions. Here, of course, one needs to include the contributions from induction energies for ions, and higher order dispersion energies for atoms and ions which may be more important than some of the second order terms given here.
